We construct blocks of finite groups with arbitrarily large O-Morita Frobenius numbers. There are no known examples of two blocks defined over O that are not Morita equivalent but the corresponding blocks defined over k are. Therefore, the above strongly suggests that Morita Frobenius numbers are also unbounded, which would answer a question of Benson and Kessar.
Introduction
Let l be a prime, (K, O, k) an l-modular system with k algebraically closed, H a finite group and b a block of OH. In this setup we always assume K contains a primitive |H| th root of unity. We define : O → k to be the natural quotient map which we extend to the corresponding ring homomorphism : OH → kH. For n ∈ N, we define b (l n ) to be the block of kH that is the image of b under the following ring automorphism
We can also define the corresponding permutation of the blocks of OH. In other words, b Since a Morita equivalence between two blocks defined over O implies a Morita equivalence between the corresponding blocks defined over k, we always have mf(b) ≤ mf O (b). Donovan's conjecture, which can be stated over O or k, is as follows.
In [7, Theorem 1.4] Kessar proved that Donovan's conjecture stated over k is equivalent to Conjecture 1.3 stated over k together with the so-called Weak Donovan conjecture.
Conjecture 1.4 (Weak Donovan
. Let L be a finite l-group. Then there exists c(L) ∈ N such that if H is a finite group and b is a block of OH with defect groups isomorphic to L, then the entries of the Cartan matrix of b are at most c(L).
In [3 Our main result (see Theorem 3.6) is as follows:
Theorem. For every prime l and n ∈ N, there exists an O-block b with mf O (b) = n.
There are no known examples of two blocks defined over O that are not Morita equivalent but the corresponding blocks defined over k are. Therefore, the above theorem strongly suggests that Morita Frobenius numbers also are unbounded. This would answer two questions posed by Benson and Kessar [1, Questions 6.2, 6.3] . Note that for a fixed l, the blocks constructed in Theorem 3.6 do not have bounded defect. Therefore, the theorem does not contradict Conjecture 1.3.
The following notation will hold throughout this article. If H is a finite group and b a block of OH, then we set Irr(H) (respectively IBr(H)) to be the set of ordinary irreducible (respectively irreducible Brauer) characters of H and Irr(b) ⊆ Irr(H) (respectively IBr(b) ⊆ IBr(H)) the set of ordinary irreducible (respectively irreducible Brauer) characters lying in the block b. If N ✁ H and χ ∈ Irr(N ), then we denote by Irr(H, χ) the set of irreducible characters of H appearing as constituents of χ ↑ H . Similarly we define Irr(b, χ) := Irr(b)∩Irr(H, χ). 1 H ∈ Irr(H) will designate the trivial character of H. We use e b ∈ OH to denote the block idempotent of b. Similarly if H is a p ′ -group and ϕ ∈ Irr(H), then we use e ϕ ∈ OH to signify the block idempotent corresponding to ϕ. Finally we
The article is organised as follows. In §2 we establish some preliminaries about Morita equivalences between blocks of finite groups and in §3 we prove our main theorem.
Morita equivalences between blocks
Lemma 2.1. Let H 1 (respectively H 2 ) be a finite group and b 1 (respectively
Proof. Let M be such a bimodule and σ : Irr(b 1 ) → Irr(b 2 ) the corresponding bijection of characters. Then
where the inequality follows from the Cauchy-Schwarz inequality.
Let b be a block of OH, for some finite group H and Q a normal p-subgroup of H. We denote by b Q the direct sum of blocks of O(H/Q) dominated by b, that is those blocks not annihilated by the image of e b under the natural O-algebra homomorphism OH → O(H/Q). Also, for any pair of finite groups
and b 2 such that the corresponding bijection from 
If
Proof. This is proved in [4, Propostions 4.3, 4.4] , with the added assumption that H 1 = H 2 , Q 1 = Q 2 and b 1 = b 2 . However, the proof in this more general setting is identical.
Arbitrarily large O-Morita Frobenius numbers
Until further notice we fix a prime p = l such that p − 1 is not a power of l. We set a := v l (p − 1), the largest power of l dividing p − 1. For t ∈ N, we define Ω t to be the direct product of p copies of C l t indexed by the elements of F p ,
We also define following the subgroups of Ω t ,
for all x, y ∈ F p and α ∈ F × p . Therefore, F acts on Ω t by permuting indices and Ω t = D t × Λ t is an F -stable direct decomposition of Ω.
Lemma 3.1. Let θ ∈ Irr(Ω t ). Then θ is F p -stable if and only if θ = 1 Dt ⊗ θ Λt , for some θ Λt ∈ Irr(Λ t ). In particular, the only irreducible, F p -stable character of D t is 1 Dt .
Proof. Certainly θ = 1 Dt ⊗ θ Λt is F p -stable. For the converse, suppose θ is F p -stable and (g x ) x∈Fp ∈ D t . Then θ (g 0 , g 1 , . . . ) = θ(g 0 , 1, 1, . . . )θ(1, g 1 , 1 , . . .
In other words, D t is contained in the kernel of θ. The claim follows.
From now on we fix a generator λ of F × p . We define the group E to be
as a set, with multiplication given by
we have the short exact sequence
where
for all x, y ∈ F p , µ ∈ F × p and m, n ∈ N 0 . We identify Z with its image under η. Note that
where (x, λ m ) ∈ F 1 , (x, λ m ) ∈ F 2 and the tildes denote lifts to E. Next we set
We set
Until further notice we fix t 1 , t 2 ∈ N. Since F acts on D t , for any t ∈ N, we have a natural action of
Proof. To show F 1 × F 2 acts faithfully on D t1 × D t2 we need only show that F acts faithfully on D t , for any t ∈ N. However, Λ t = C Ωt (F ) and Ω t = D t × Λ t so it suffices to show that F acts faithfully on Ω t . This follows since the action of F on F p is faithful.
Again, consider the action of F on Ω t for some t ∈ N. Since Λ t = C Ωt (F p ), C Dt (F p ) is trivial and so we can determine D t1 and D t2 as the unique nontrivial subgroups of D t1 × D t2 occurring as the centraliser of some non-trival
To complete the claim we need to prove that
However, this follows from the claim that Aut(F l ′ ) ∼ = F , where
As noted before the lemma, F p is a proper subgroup of F l ′ and so g ∈ C Fp (h) = {1}, where h ∈ F l ′ \F p . Therefore, we have proved that
p and so to prove that ζ is induced by some element of F we may assume that ζ fixes F p pointwise. By the Schur-Zassenhaus theorem, we may, in addition, assume that ζ leaves (F
Adopting the notation of Lemma 3.2 we have the following. Lemma 3.3. Let ϕ ∈ Irr(Z l ′ ).
For each
2. If, in addition, t 1 = t 2 , there exists an O-algebra automorphism δ :
Proof.
1. For each ζ ∈ C 1 × C 2 , we set δ ∈ Aut(B ϕ ) to be induced by the automorphism of G l ′ given by acting via ζ on D and the identity on E l ′ . For each ζ ∈ F 1 × F 2 , we set δ ∈ Aut(B ϕ ) to be induced by the automorphism of G l ′ given by conjugating by some g ∈ E ≤ G, a lift of ζ.
2. We set δ : B ϕ → B ϕ −1 to be induced by the automorphism of G l ′ given by acting via s on D and via
for all x, y ∈ F p and m, n, s ∈ l
Lemma 3.4. Let ϕ ∈ Irr(Z l ′ ). Any χ ∈ Irr(B ϕ ) reduces to an irreducible Brauer character if and only if χ ∈ Irr (B ϕ , 1 D ) .
is contained in the kernel of every simple kG l ′ -module and every irreducible Brauer character is determined by its restriction to E l ′ . Therefore, we have a bijection
and through this bijection we can identify the decomposition map
with the restriction map
It therefore remains to show that for any χ ∈ Irr(B ϕ ), χ ↓ E l ′ is irreducible if and only if χ ∈ Irr(B ϕ , 1 D ).
If χ ∈ Irr(B, 1 D ), then certainly χ ↓ E l ′ is irreducible.
For the converse let 1 D = θ ∈ Irr(D). By Lemma 3.1, Stab P (θ) = {1}, P 1 or P 2 . Therefore, any χ ∈ Irr(B, θ) must satisfy the follow condition. Either χ ↓ P1 has trivial and non-trivial, irreducible constituents or χ ↓ P2 has trivial and non-trivial, irreducible constituents. However, by considering orbits of Irr(P ) under the action of E l ′ , every ξ ∈ Irr(E l ′ ) satisfies the following condition. ξ ↓ P1 does not have both trivial and non-trivial, irreducible constituents and ξ ↓ P2 does not have both trivial and non-trivial, irreducible constituents. Therefore, χ ↓ E l ′ cannot be irreducible. It now follows from [8, 7.6 ] that M is a direct summand of O ∆γ ↑ G×G , for some γ ∈ Aut(D), where ∆γ :
, where γ (OD) denotes the OD-OD-bimodule with the canonical right action of OD and the left action of OD given via γ and ϕ O ϑ ∼ = O, with the canonical left OZ l ′ e ϕ and right OZ l ′ e ϑ actions.
We now analyse
where the second equality follows from Lemma 2.
Since γ (OD) is S-stable and ∆γ is the unique vertex of γ (OD), we have
In other words,
and so both inequalities in (3) are actually equalities. In conclusion, we have proved that there exists
and also γ (OD) ⊗ O ϕ O ϑ extends to an OS-module. (4) also implies that γ ∈ N Aut(D) (F 1,l ′ ×F 2,l ′ ) and ζ is the corresponding automorphism of F 1,l ′ ×F 2,l ′ , once we have identified G l ′ /(D × Z l ′ ) with F 1,l ′ × F 2,l ′ ≤ Aut(D).
By Lemmas 3.2 and 3.3, we may assume that γ = Id D . In particular, ζ = Id F 1,l ′ ×F 2,l ′ and so OD ⊗ O ϕ O ϑ extends to a module for
We now study the 1-dimensional k(∆E l ′ )-module kD/J(kD). Viewing λ ∈ Z, (2) gives that λ
and (kD/J(kD)) ↓ ∆Z l ′ must be the trivial k(∆Z l ′ )-module. However, (kD/J(kD)) ↓ ∆Z l ′ is also the 1-dimensional k(∆Z l ′ )-module corresponding to ∆Z l ′ → k × , (z, z) → ϕ.ϑ −1 (z). Since E l ′ is an l ′ -group, this implies ϕ = ϑ, as required. Proof. Let p be a prime different from l such that p ≡ 1 mod (l n − 1), the existence of which is guaranteed by the Dirichlet prime number theorem.
Let t 1 = t 2 ∈ N and ϕ a faithful character of Z l ′ , in particular, ϑ has order (p − 1)/l a which is divisible by l n − 1. Now set ϑ := ϕ (p−1)/(l a (l n −1)) so ϑ has order l n − 1. Proposition 3.5 implies that mf O (B ϑ ) is the smallest m ∈ N such that ϕ l m = ϕ. Therefore, mf O (B ϑ ) = n.
